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We introduce two-dimensional topological insulators in proximity to high-temperature cuprate or iron-based
superconductors as high-temperature platforms of Majorana Kramers pairs of zero modes. The proximity-
induced pairing at the helical edge states of topological insulator serves as a Dirac mass, whose sign changes at
the sample corner because of the pairing symmetry of high-Tc superconductors. This sign changing naturally
creates at each corner a pair of Majorana zero modes protected by time-reversal symmetry. Conceptually, this
is a topologically-trivial-superconductor-based approach for Majorana zero modes. We provide quantitative
criteria and suggest candidate materials for this proposal.
Majorana zero modes (MZMs)[1–3] have been actively
pursued in recent years as building blocks of topological quan-
tum computations[4–11]. These emergent excitations can
generate robust ground-state degeneracy, supporting storage
of nonlocal qubits robust to local decoherence[12]. More-
over, quantum gates can be implemented by their braiding
operations[13–17]. As platforms of MZMs, a variety of real-
izations of topological superconductors have been proposed,
including topological insulators in proximity to conventional
superconductors[18–22], semiconductor heterostructures[23–
25], cold-atom systems[26–31], quantum wires[32–35], to
name a few; meanwhile, remarkable experimental progress
has been witnessed[36–54].
A single MZM entails breaking the time-reversal symme-
try (TRS); in contrast, time-reversal-invariant (TRI) topo-
logical superconductors[55–62] host Majorana Kramers pairs
(MKPs) of zero modes, which are robust in the pres-
ence of TRS, and have interesting consequences such as
TRS-protected non-Abelian statistics[63–65], TRS as local
supersymmetry[55], and novel Kondo effects[66] and Joseph-
son effects [67–71], indicating their potentials in qubit storage
or manipulation and other applications. In addition, MKPs
can be used as tunable generators of MZMs by breaking the
TRS[57, 58]. There have been a few interesting propos-
als for realizing TRI topological superconductors and MKPs
[57, 58, 72–84], though experimental realizations are yet to
come.
In this Letter, we show that simple structures of
two-dimensional topological insulators (2D TIs) (also
known as quantum spin Hall insulators) in proximity to
high-temperature superconductors naturally generate MKPs
(Fig.1). Since 2D TIs have been experimentally realized at
temperatures as high as 100 Kelvin[85, 86], this setup can be
a high-temperature platform of MKPs. The physical picture
can be readily described as follows. The helical edge states of
TI, described as 1D massless Dirac fermions, are gapped out
by the induced superconducting gap, which introduces a Dirac
mass. Due to the nature of pairing symmetry (say d-wave), the
induced Dirac mass changes sign at the corner, which gener-
ates a MKP as domain-wall excitations.
It is interesting to note that we do not propose here any
realization of TRI topological superconductor. In fact, the
FIG. 1. Schematic illustration. A 2D TI is grown on a d-wave or
s±-wave high-Tc superconductor. Majorana Kramers pairs (MKPs)
of zero modes emerge at the corners of TI.
helical Majorana edge states of Z2-nontrivial superconduc-
tors cannot be gapped out without breaking TRS. In our
setup, the 2D TI with a proximity-induced pairing has gapped
edges, therefore it is a Z2-trivial superconductor. In fact, it
has recently been suggested that, as defect modes[87], ro-
bust MZMs can be realized in certain topologically trivial
superconductors[88, 89] (Particularly, MZMs can in princi-
ple be created as corner modes in judiciously designed trivial-
superconductor junctions[88]). Conceptually, the present
work generalizes the trivial-superconductor-based approach
to MKPs, for which ideal candidate materials are available.
d-wave pairing.–As explained above, the key observa-
tion comes from the edge states. For concreteness, how-
ever, let us start from a lattice model of 2D TI, in which
the proximity-induced pairing is added. The Bogoliubov-
de Gennes Hamiltonian is Hˆ =
∑
k Ψ
†
k
H(k)Ψk, with Ψk =
(ca,k↑, cb,k↑, ca,k↓, cb,k↓, c
†
a,−k↑, c
†
b,−k↑, c
†
a,−k↓, c
†
b,−k↓)
T and
H(k) =M(k)σzτz + Ax sin kxσxsz + Ay sin kyσyτz
+∆(k)syτy − µτz, (1)
where si, σi and τi are Pauli matrices in the spin (↑, ↓), or-
bital (a, b), and particle-hole space, respectively, M(k) =
m0− tx cos kx− ty cos ky and Ax,y measure the kinetic energy, ∆
is the pairing, and µ is the chemical potential. In the following
we will take
∆(k) = ∆0 + ∆x cos kx + ∆y cos ky, (2)
which is sufficiently general to model d wave and s± wave.
Throughout this paper, tx,y, Ax,y are taken to be positive. If
2-2
0
2
ky
E
- 0
(a)
FIG. 2. (a) Energy spectra in a cylinder geometry. m0 = 1.5,
tx = ty = 1.0, Ax = Ay = 1.0, µ = 0. Without the pairing, there
exist helical edge states traversing the bulk gap (solid blue lines). In
the presence of a d-wave pairing (∆x = −∆y = 0.5), the edge states
become gapped (dashed red lines). The bulk spectra have little dif-
ference for these two cases (the zero-pairing case is shown here). (b)
The wavefunction profiles of the four MKPs from solving the real-
space lattice Hamiltonian. The sample size is Lx × Ly = 30× 30. The
inset shows energies near zero, indicating one MKP per corner. (I),
(II), (III), and (IV) mark the four edges for use in the edge theory.
the pairing is removed, the Hamiltonian becomes the paradig-
matic BHZ model of 2D TIs[85, 86, 90]. The Hamilto-
nian has TRS TH(k)T −1 = H(−k) with T = isyK (where
K is the complex conjugation), and particle-hole symmetry
CH(k)C−1 = −H(−k) with C = τxK .
We first consider the d-wave pairing that is relevant to
cuprate superconductors, which is
∆0 = 0, ∆x = −∆y ≡ ∆d. (3)
The spectra on a cylinder geometry are shown in Fig.2(a), in-
dicating that the helical edge states of TI are gapped out by
d-wave pairing. From the numerical results for a square ge-
ometry [Fig.2(b)], it is clear that each corner hosts a MKP,
whose energy is pinned to zero.
It is interesting to note that, unlike the more familiar
vortex or end modes, the Majorana modes here are corner
modes. As such, they may be viewed in the framework of re-
cently proposed higher-order topological insulators[91–102]
and superconductors[103–106], for which crystal symmetries
have been highlighted; the present scheme does not rely sen-
sitively on the crystal symmetries.
We also mention that the bulk of d-wave superconductor
is gapless and the MKPs may hybridize with these gapless
modes. Nevertheless, the MKPs remain observable in scan-
ning tunneling microscopy (STM). Near a MKP, the tunnel-
ing conductance displays a zero-bias peak (though broadened
by hybridization), which is absent in the usual c-axis tunnel-
ing conductance[107] (In other directions there is zero bias
peak [108–114], which is irrelevant in our setup). Later, we
also study the s±-wave case with an entirely gapped setup, in
which case MKPs are the only low-energy modes.
Edge theory.–To gain intuitive understandings, we study the
edge theory. To simplify the picture, we take µ = 0 and focus
on the continuummodel by expanding the lattice Hamiltonian
in Eq.(1) to second order around k = (0, 0):
H(k) = (m +
tx
2
k2x +
ty
2
k2y)σzτz + Axkxσx sz + Aykyσyτz
−1
2
(∆xk2x + ∆yk
2
y )syτy, (4)
where ∆x+∆y = 0 has been used for the d wave, and m = m0−
tx − ty < 0 is assumed to ensure that the 2D insulator without
pairing is in the topologically nontrivial regime. We label the
four edges of a square as (I), (II), (III), and (IV) [Fig.2(b)],
and we focus on the edge (I) first. We can replace kx → −i∂x
and decompose the Hamiltonian as H = H0 + Hp, in which
H0(−i∂x, ky) = (m − tx∂2x/2)σzτz − iAxσx sz∂x,
Hp(−i∂x, ky) = Aykyσyτz + (∆x/2)syτy∂2x, (5)
where the insignificant k2y term has been omitted. The purpose
of this decomposition is to solve H0 first, and then treat Hp as
a perturbation, which is justified when the pairing is relatively
small (This is the case in real samples).
Solving the eigenvalue equation H0ψα(x) = Eαψα(x) under
the boundary condition ψα(0) = ψα(+∞) = 0, we find four
zero-energy solutions, whose forms are
ψα(x) = Nx sin(κ1x)e−κ2xeikyyχα, (6)
with normalization given by |Nx|2 = 4|κ2(κ21 + κ22)/κ21| (Here,
κ1 =
√
| 2m
tx
| − A2x
t2x
, κ2 =
Ax
tx
. The result remains valid evenwhen
κ1 is imaginary). The eigenvectorsχα satisfy σyszτzχα = −χα.
We can explicitly choose them as
χ1 = |σy = −1〉 ⊗ | ↑〉 ⊗ |τz = +1〉,
χ2 = |σy = +1〉 ⊗ | ↓〉 ⊗ |τz = +1〉,
χ3 = |σy = +1〉 ⊗ | ↑〉 ⊗ |τz = −1〉,
χ4 = |σy = −1〉 ⊗ | ↓〉 ⊗ |τz = −1〉, (7)
then the matrix elements of the perturbation Hp in this basis
are
HI,αβ(ky) =
∫ +∞
0
dxψ∗α(x)Hp(−i∂x, ky)ψβ(x), (8)
therefore, the final form of the effective Hamiltonian is
HI(ky) = −Aykysz + MIsyτy, (9)
where
MI = (∆x/2)
∫ +∞
0
dxψ∗α(x)∂
2
xψα(x) = ∆xm/tx. (10)
Similarly, the low-energy effective Hamiltonians for the other
three edges are
HII(kx) = Axkxsz + MIIsyτy,
HIII(ky) = Aykysz + MIIIsyτy,
HIV(kx) = −Axkxsz + MIVsyτy (11)
with MII = MIV = ∆ym/ty, and MIII = MI. To be more
transparent, let us take an “edge coordinate” l, which grows
3FIG. 3. MKPs in triangle samples. (a) The existence or absece of
MKPs depends on the edge directions at the corner, which can be
explained in the edge theory. The lower corner has sign change in
the edge Dirac mass, while the right corner does not. (b) For a pi/4
angle, the edge Dirac mass vanishes, and the edge states display a
gapless feature (see the inset, and compare it to that of (a)). m0 = 1.5,
tx = ty = 2.0, Ax = Ay = 2.0, ∆x = −∆y = 1.0, µ = 0.
in the anticlockwise direction (apparently, l is defined mod
2(Lx + Ly)), then the low-energy edge theory becomes
Hedge = −iA(l)sz∂l + M(l)syτy. (12)
The kinetic-energy coefficient A(l) and the Dirac mass M(l)
are step functions: A(l) = Ay, Ax, Ay, Ax and M(l) =
∆dm/tx,−∆dm/ty,∆dm/tx,−∆dm/ty for (I), (II), (III), and (IV),
respectively. At each corner, the Ax,y coefficient does not
change sign, while the Dirac mass does, which is due to
the sign changing in the d-wave pairing: ∆x = −∆y. Con-
sequently, there is a MKP at each corner (analogous to the
Jackiw-Rebbi zero modes[115, 116]). For example, at the cor-
ner between (I) and (II), we have
|ψ±MKP(l)〉 ∝ e−
∫ l
dl′M(l′)/A(l′)|sx = τy = ±1〉. (13)
TRS ensures that these two modes cannot be coupled to gen-
erate an energy gap. In essence, the edge theory above can be
regarded as two copies of that of Ref.[88], with TRS as the
key additional input.
By a similar calculation, one can find that the sign changing
in M(l) occurs at a corner when one of the edges has a polar
angle within [−pi/4, pi/4] and the other within [pi/4, 3pi/4] (the
gap-maximum direction is taken as the zero polar angle). In
Fig.3(a), the lower corner has a sign changing while the right
corner does not, and the existence or absence of MKP is con-
sistent with the edge-theory prediction. If one of the edges lies
in the pi/4 direction, the edge states become gapless, which
also manifests in the numerical spectrum in Fig.3(b).
Finally, we mention that cuprate superconductors in prox-
imity to 3D topological insulators have been experimentally
studied for the purpose of creating vortex (instead of corner)
MZMs[117–120]. In these setups, the 2D topological surface
states (instead of the 1D edge states) are the key ingredients.
s±-wave pairing.–Now we consider fully gapped s±-wave
superconductors with sign changing in the pairing. A
host of candidates can be found in high Tc iron-based
superconductor[121, 122], whose pairing at the Fermi sur-
faces near the Brillouin zone center and the Brillouin zone
boundary have both s-wave nature but with opposite signs.
The Fermi surfaces do not cross the pairing nodal rings, there-
fore, the superconductor is fully gapped. A simplest form of
s±-wave pairing is:
∆(k) = ∆0 − ∆1(cos kx + cos ky), (14)
with 0 < ∆0 < 2∆1. The pairing node is cos kx + cos ky =
∆0/∆1.
Let us first study the edge theory of TI. Expanding the
Hamiltonian near k = (0, 0) and taking µ = 0, we have
H(k) = (m +
tx
2
k2x +
ty
2
k2y)σzτz + Axkxσx sz + Aykyσyτz
+[∆0 − 2∆1 +
∆1
2
(k2x + k
2
y )]syτy. (15)
Following a similar approach as the previous section, for the
edge (I), we decompose the Hamiltonian as H = H0 + Hp,
where
H0(−i∂x, ky) = (m − tx∂2x/2)σzτz − iAxσx sz∂x,
Hp(−i∂x, ky) = Aykyσyτz + [∆0 − 2∆1 − (∆1/2)∂2x]syτy.(16)
Similar to the previous section, four zero-energy solutions of
H0 can be found, and Hp takes the following form within this
four-dimensional low-energy subspace:
HI(ky) = −Aykysz + MIsyτy, (17)
with MI =
∫ +∞
0
dxψ∗α(x)[∆0 − 2∆1 − (∆1/2)∂2x]ψα(x) = ∆0 −
2∆1 − ∆1m/tx. The low-energy effective Hamiltonians for
the other three edges take the same forms as in Eq.(11),
with Dirac masses MIII = ∆0 − 2∆1 − ∆1m/tx = MI, and
MII = MIV =
∫ +∞
0
dyψ∗α(y)[∆0 − 2∆1 − (∆1/2)∂2y]ψα(y) =
∆0 − 2∆1 − ∆1m/ty. Using the edge coordinate l, the effec-
tive edge Hamiltonian is the same as Eq.(12) with the same
A(l) but different M(l), namely, M(l) = −∆¯0 − ∆1m/tx,−∆¯0 −
∆1m/ty,−∆¯0 − ∆1m/tx,−∆¯0 − ∆1m/ty for (I), (II), (III), and
(IV), respectively, where we have defined ∆¯0 = 2∆1 − ∆0.
To have MKP at each corner, the sign of Dirac mass M(l)
must change from an edge to its adjacent, which leads to the
following criterion:
(∆¯0 + ∆1m/tx)(∆¯0 + ∆1m/ty) < 0. (18)
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FIG. 4. (a) The pairing nodal ring (red thick line) and band-inversion ring (blue thin line) for m0 = 1.0. The dashed line denotes the Fermi
surface for µ = 0.3. The wavefunction profiles of MKPs for (b) µ = 0 and (c) µ = 0.3, with ∆0 = ∆1 = 0.4. (d) (m0,∆0/∆1, µ) phase diagram
with fixed ∆1 = 0.4. Corner modes are found in the surface-enclosed region. Common parameters: tx = Ax = 0.4, ty = Ay = 1.3.
Let us define Rs ≡
√
2∆¯0/∆1, whose physical meaning is the
radius of the ring of the pairing node, across which the pairing
changes sign, and Rx ≡
√−2m/tx and Ry ≡
√−2m/ty, whose
meanings are the two semi-axes of the ellipse determined by
m+ tx2 k
2
x+
ty
2 k
2
y = 0 (i.e., the “band-inversion ring” of TI, where
the sign of the σz term changes). The mode existence criterion
in Eq.(18) (for µ = 0) becomes
(Rs − Rx)(Rs − Ry) < 0, (19)
which means that the band-inversion ring has to cross the pair-
ing nodal ring [Fig.4(a)]. Although derived from the con-
tinuum model, Eq.(19) is quite accurate according to our
lattice-model numerical results[123]. Intuitively, the low-
energy edge modes come mainly from states near the band
inversion (where the bulk states have the lowest energies),
and inherit the sign of pairing there. When the two rings
cross, the pairing sign at band inversion is opposite at two
adjacent edges, which supports MKPs. We emphasize that
the TI has to be anisotropic in the x, y directions to satisfy
Eq.(19) (Rx , Ry), which is the case for the high-transition-
temperature TI WTe2[85]. In Fig.4(b), one finds the existence
of MKP when Eq.(19) is satisfied. Including a modest chem-
ical potential with a Fermi surface is innocuous [Fig.4(c)], as
the Fermi surface can be gapped out by the induced pairing
as long as it does not cross the pairing node. A (m,∆0/∆1, µ)
phase diagram is shown in Fig.4(d).
So far, we have not discussed disorders. We have numer-
ically confirmed that usual disorders such as on-site random
potential does not destroy the MKPs[123]. In addition, our
proposal does not require atomically precise edges. Mod-
est edge imperfections do not affect the MKPs because they
are pinned to zero energy by particle-hole symmetry; “big”
edge imperfections just create new corners that host their own
MKPs, which offer more opportunity to observe MKPs[123].
Finally, it is useful to mention that, in both the d-wave and
s±-wave cases, a single MZM can be created from the MKP
at the corner by killing one mode in the pair. Apparently, TRS
must be broken. For example, it can be achieved by adding an
in-plane magnetic field with an appropriate magnitude. The
physical picture is most transparent in the edge theory (see
the Supplemental Material for details[123]).
Experimental estimations.–For concreteness, let us focus
on the high-temperature s±-wave iron-based superconduc-
tors. As emphasized above, in the s±-wave case the TI
band structure is required to be anisotropic in the x and y
directions [due to Eq.(19)]. Notably, the monolayer WTe2,
which has recently been confirmed as a high-temperature TI
in experiments[85](up to 100 Kelvin), has the desired band
structure[86]. According to the k · p model in Ref.[86], we
fit the parameters to be Rx = 0.41Å−1, Ry = 0.15Å−1 (details
are given in the Supplemental Material[123]). The recipro-
cal lattice vectors of WTe2 along the x and y directions are
Gx ≃ 1.0Å−1 and Gy ≃ 1.8Å−1. Thus, the band-inversion
ring reaches close to the Brillouin zone boundary in the x di-
rection, while it stays close to the zone center in the y direc-
tion, resembling the advantageous shape of the band-inversion
ring in Fig.4(a). Although an accurate estimation of the mag-
nitude of the induced pairing gap is not available, we note
that cuprate superconductors can induce a gap of tens of meV
at the surface states of topological insulators[117, 118]; pre-
sumably similar order of magnitude can be expected in the
present setup. Therefore, among other options, a setup com-
posed of a WTe2 monolayer in proximity to a high-Tc iron-
based superconductor is promising for the present proposal.
A WTe2 monolayer in proximity to cuprate superconductors
is also promising.
Conclusions.–We have shown that a 2D TI with proximity-
induced d-wave or s±-wave pairing, though being topologi-
cally trivial as a TRI superconductor, is a promising candi-
date of high-temperature platform for realizing robust Majo-
rana corner modes. We provide quantitative criteria for this
proposal. This Letter may also stimulate further studies of
topologically-trivial-superconductor-basedMajorana modes.
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9Supplemental Material
This supplemental material contains eight parts: (i) The
derivation of the edge theory for the II, III, IV edges. (ii) The
derivation of the edge theory for the s±-wave pairing via the
lattice model. (iii) Demonstrating the absence of Majorana
Kramers pair when the pairing nodal ring does not cross the
band-inversion ring. (iv) Experimental estimations. (v) Real-
izing single Majorana zero mode at the corner. (vi) Stability
of the Majorana corner modes against disorders. (vii) Effects
of edge imperfections. (viii) Effects of chemical potential and
phase diagram.
I. EDGE THEORY OF THE II, III, IV EDGES FOR THE
d-WAVE PAIRING
We start from the low-energy bulk Hamiltonian around k =
(0, 0). Having d-wave pairing in mind, we take ∆0 = 0. The
low-energy Hamiltonian at µ = 0 reads (not imposing any
constraint on ∆x,y at this stage):
H(k) = (m +
tx
2
k2x +
ty
2
k2y)σzτz + Axkxσxsz + Aykyσyτz
+[∆x + ∆y − 12(∆xk
2
x + ∆yk
2
y )]syτy. (20)
Note that m < 0. For the edge III, the k2y terms can be ne-
glected and the Hamiltonian is decomposed as H = H0 + Hp,
with
H0(−i∂x, ky) = (m − tx∂2x/2)σzτz − iAx∂xσx sz,
Hp(−i∂x, ky) = Aykyσyτz + (∆x + ∆y + ∆x2 ∂
2
x)syτy. (21)
When solving the eigenvalue equation H0ψα(x) = Eαψα(x),
the boundary condition is ψα(0) = ψα(−∞) = 0. A straight-
forward calculation gives four solutions with Eα = 0, whose
forms are
ψα(x) = Nx sin(κ1x)eκ2xeikyyχ˜α (22)
with the normalization constant Nx = 2
√
κ2(κ21 + κ
2
2)/κ
2
1 and
the two parameters κ1 and κ2 given by
κ1 =
√
−2m
tx
− A
2
x
t2x
, κ2 =
Ax
tx
. (23)
χ˜α are eigenvectors satisfyingσyszτzχ˜α = χ˜α. Here we choose
χ˜1 = |σy = +1〉 ⊗ | ↑〉 ⊗ |τz = +1〉,
χ˜2 = |σy = −1〉 ⊗ | ↓〉 ⊗ |τz = +1〉,
χ˜3 = |σy = −1〉 ⊗ | ↑〉 ⊗ |τz = −1〉,
χ˜4 = |σy = +1〉 ⊗ | ↓〉 ⊗ |τz = −1〉. (24)
Then the matrix elements of the perturbation Hp in this basis
are
HIII,αβ(ky) =
∫ 0
−∞
dxψ∗α(x)Hp(−i∂x, ky)ψβ(x). (25)
In terms of the Pauli matrices, the final form of the effective
Hamiltonian is
HIII(ky) = Aykysz + MIIIsyτy, (26)
where
MIII =
∫ 0
−∞
dxψα(x)∗(∆x + ∆y +
∆x
2
∂2x)ψα(x)
= ∆x + ∆y + ∆xm/tx. (27)
Similarly, for the edge II, we also decompose the Hamilto-
nian into two parts, discarding terms of the order of k2x:
H0(kx,−i∂y) = (m − ty∂2y/2)σzτz − iAy∂yσyτz,
Hp(kx,−i∂y) = Axkxσxsz + (∆x + ∆y +
∆y
2
∂2y)syτy. (28)
By solving the eigenvalue equation H0ψα(y) = Eαψα(y) with
the boundary condition ψα(0) = ψα(+∞) = 0, we find that
there are four solutions with Eα = 0, whose forms are
ψα(y) = Ny sin(γ1y)e−γ2yeikx xξα (29)
with the normalization constant Ny = 2
√
γ2(γ21 + γ
2
2)/γ
2
1 and
the two parameters γ1 and γ2 given by
γ1 =
√
−2m
ty
−
A2y
t2y
, γ2 =
Ay
ty
. (30)
ξα are the eigenvectors satisfying σxξα = ξα. Here we choose
ξ1 = |σx = +1〉 ⊗ | ↑〉 ⊗ |τz = +1〉,
ξ2 = |σx = +1〉 ⊗ | ↓〉 ⊗ |τz = +1〉,
ξ3 = |σx = +1〉 ⊗ | ↑〉 ⊗ |τz = −1〉,
ξ4 = |σx = +1〉 ⊗ | ↓〉 ⊗ |τz = −1〉. (31)
In this basis, the matrix elements of the perturbation Hp are
HII,αβ(kx) =
∫ +∞
0
dyψ∗α(y)Hp(kx,−i∂y)ψα(y). (32)
In terms of the Pauli matrices, the final form of the effective
Hamiltonian is
HII(kx) = Axkxsz + MIIsyτy, (33)
where
MII =
∫ +∞
0
dyψ∗α(y)(∆x + ∆y +
∆y
2
∂2y)ψα(y)
= ∆x + ∆y + ∆ym/ty. (34)
Similarly, for the edge IV, the effective Hamiltonian is
HIV(kx) = −Axkxsz + MIVsyτy, (35)
and MIV = MII.
For the d-wave pairing with amplitude satisfying ∆x = −∆y,
the ∆x + ∆y term appearing in the mass term vanishes. Let
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∆x = −∆y ≡ ∆d, then the effective Hamiltonian of the four
edges are
HI(ky) = −Aykysz + MIsyτy,
HII(kx) = Axkxsz + MIIsyτy,
HIII(ky) = Aykysz + MIIIsyτy,
HIV(kx) = −Axkxsz + MIVsyτy, (36)
where MI = MIII = ∆dm/tx, MII = MIV = −∆dm/ty. It is im-
mediately clear that the mass terms on two neighboring edges
always have opposite signs.
II. EDGE THEORY FOR THE s±-WAVE PAIRING VIA
SOLVING THE LATTICE MODEL
We start from the Bogoliubov-de Gennes
Hamiltonian H =
∑
k Ψ
†
k
H(k)Ψk with Ψk =
(ca,k↑, cb,k↑, ca,k↓, cb,k↓, c
†
a,−k↑, c
†
b,−k↑, c
†
a,−k↓, c
†
b,−k↓)
T and
H(k) = (m0 − tx cos kx − ty cos ky)Γ1 + Ax sin kxΓ2
+Ay sin kyΓ3 + [∆0 − ∆1(cos kx + cos ky)]Γ4. (37)
where Γ1 = σzτz, Γ2 = σxsz, Γ3 = σyτz and Γ4 = syτy. Here
we have taken the chemical potential µ = 0.
We first investigate the edge I. As the system takes open
boundary condition in the x direction and periodic boundary
condition in the y direction, we do a partial Fourier transfor-
mation of the Hamiltonian, which gives
H =
∑
x,ky
Ψ
†
x,ky
[
(m0 − ty cos ky)Γ1 + Ay sin kyΓ3 + (∆0 − ∆1 cos ky)Γ4
]
Ψx,ky
+
∑
x,ky
[
Ψ
†
x,ky
(− tx
2
Γ1 + i
Ax
2
Γ2 − ∆12 Γ4)Ψx+1,ky + h.c.
]
,with
Ψx,ky = (cx;a,ky↑, cx;b,ky↑, cx;a,ky↓, cx;b,ky↓, c
†
x;a,−ky↑, c
†
x;b,−ky↑, c
†
x;a,−ky↓, c
†
x;b,−ky↓)
T . (38)
where x is the integer-valued coordinate (the lattice constant
a = 1) taking values from 1 to L. In the basis (Ψ1,ky ,Ψ2,ky , ...),
the Hamiltonian can be expressed in a matrix form H(ky) =
H0(ky) + H1(ky) + H2(ky) with
H0(ky) =

D0 T0 0 · · ·
T
†
0 D0 T0 · · ·
0 T †0 D0 · · ·
...
...
...
. . .

, (39)
where D0 = (m0 − ty cos ky), T0 = (−txΓ1 + iAxΓ2)/2,
H1(ky) =

D1 T1 0 · · ·
T
†
1 D1 T1 · · ·
0 T †1 D1 · · ·
...
...
...
. . .

, (40)
where D1 = (∆0 − ∆1 cos ky)Γ4, T1 = −∆1Γ4/2, and
H2(ky) =

Ay sin kyΓ3 0 0 · · ·
0 Ay sin kyΓ3 0 · · ·
0 0 Ay sin kyΓ3 · · ·
...
...
...
. . .
 . (41)
To simply the calculation, we take ky to be close to 0 and the
pairing amplitude to be small, so that H1(ky) and H2(ky) can be
treated as perturbations. We first solve for the eigenstates of
H0(ky = 0). Their forms can be written as ψ = (ψ1, ψ2 · · · )T ,
which satisfies the following iteration relation,
1
2
(−tΓ1 + iAΓ2)ψn+1 + mΓ1ψn + 12(−tΓ1 − iAΓ2)ψn−1 = 0, (42)
here for convenience we have renamed m0 − ty, tx, Ax as m,
t, A, respectively (Do not confuse it with the m in the main
text). Because of the anticommutation relation between Γ1
and Γ2, the eigenvalues of iΓ1Γ2 are ±1. To solve this equa-
tion, we choose a trial solution ψα;n = λnφα, where φα satisfies
−iΓ1Γ2φα = sφα (s = ±1). Note that −iΓ1Γ2 is an 8×8 matrix,
therefore, there are four φα’s satisfying this equation. Substi-
tuting this trial solution into Eq.(42), it is readily found that
λ± =
m ±
√
m2 − (t2 − A2)
t + As
. (43)
It can be shown that |λ±| < 1 when s = sgn(t/A) and m2 < t2.
If we consider a semi-infinite geometry with L → ∞, the wave
function should satisfy the two boundary conditions: ψα;0 = 0
and ψα;+∞ = 0 (For convenience, we have added an artificial
site x = 0, on which the wavefunction is zero). The solution is
of the form ψα;n = N(λn+−λn−)φα, where N is the normalization
constant:
|N|2 =
[
ts
A
|m2 − (t2 − A2)|
t2 − m2
]−1
. (44)
Now the effective Hamiltonian for the edge states is obtained
from perturbation theory,
HI;αβ(ky) = ψ+α[H1(ky) + H2(ky)]ψβ. (45)
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The mass term of the effective Hamiltonian comes solely
from H1(ky). Ignoring all terms of orders higher than ky, we
get
MI = ∆0 − ∆1 − ∆12 (
∑
n=1
ψ
†
n+1ψn +
∑
n=2
ψ
†
n−1ψn).
After straightforward calculations, we find
MI = ∆0 − ∆1 − ∆1|N|2 ms
A
|m2 − (t2 − A2)|
t2 − m2
= ∆0 − ∆1 − ∆1
m0 − ty
tx
. (46)
Similar calculations lead to the mass terms for the other three
edges, II, III, IV, which are MIII = MI and
MII = MIV = ∆0 − ∆1 − ∆1 m0 − tx
ty
. (47)
To create corner Majorana Kramers pairs, the mass term must
change sign at the corner, which requires
(∆0 − ∆1 − ∆1 m0 − tx
ty
)(∆0 − ∆1 − ∆1
m0 − ty
tx
) < 0. (48)
This criterion is the same as the one obtained from continuum
model in the main text.
III. MAJORANA KRAMERS PAIR IS ABSENT WHEN THE
PAIRING NODAL RING DOES NOT CROSS THE
BAND-INVERSION RING
In the main text, we have shownwhen the pairing nodal ring
crosses the band-inversion ring, Majorana Kramers pairs are
created at the corner of TI. To display the opposite situation,
we tune the pairing nodal ring of Fig.4(a) in the main text to be
around the (pi, pi) point while keeping the band-inversion ring
unchanged, so that the two rings no longer cross each other,
as shown in Fig.5(a). In this regime, the numerical results
demonstrate that there is no zero energy state (see Fig.5(b)),
indicating the absence of Majorana Kramers pair.
IV. DETAILS OF EXPERIMENTAL ESTIMATIONS
In this section, we give an experimental estimation based on
the band structures ofWTe2, which has recently been found as
a 2D TI at temperature as high as 100 Kelvin[85]. In Ref.[86],
a k · p model has been obtained to fit the band structure near
the Γ point (the band-inverted region), which is
H(k) =

−δ − ~2k2x
2mpx
− ~
2k2y
2mpy
0 −i~v1kx ~v2ky
0 −δ − ~2k2x
2mpx
− ~
2k2y
2mpy
~v2ky −i~v1kx
i~v1kx ~v2ky δ +
~
2k2x
2mdx
+
~
2k2y
2mdy
0
~v2ky i~v1kx 0 δ +
~
2k2x
2mdx
+
~
2k2y
2mdy

, (49)
where v1 = 3.87 × 105 m/s, v2 = 0.46 × 105 m/s, δ = −0.33
eV, mpx = 0.50me, m
p
y = 0.16me, mdx = 2.48me, m
d
y = 0.37me,
me being the free electron mass. The lattice constant of WTe2
is a = 6.25Å, b = 3.48Å. To simply the calculation, we make
an approximation that mx =
√
m
p
x m
d
x = 1.11me and my =√
m
p
y m
d
y = 0.24me, and then transform the k · p model to the
lattice form, which is
H(k) = [m0 + tx cos(kxa) + ty cos(kyb)]σz + Ax sin(kxa)σy
+Ay sin(kyb)sxσx, (50)
where tx = ~
2
mxa
2 = 0.18 eV, ty = ~
2
myb
2 = 2.64 eV, m0 =
−δ − tx − ty = −2.49 eV. Ax = ~v1/a = 0.41 eV, Ay =
~v2/b = 0.09 eV. The band-inversion ring intersects the kx
axis at Rx = arccos[−(m0 + ty)/tx]/a = 0.41Å−1, and the y
axis at Ry = arccos[−(m0 + tx)/ty]/b = 0.15Å−1. The en-
ergy gap is 0.087 eV (at (kx, ky) = (0,±Ry)). It is notable
that Ry and the energy gap thus obtained agree excellently
with the results (0.146Å−1, about 0.08 eV) based on the DFT
calculation[86], indicating this lattice model gives an accu-
rate description of the relevant band structure. In addition,
the reciprocal lattice vectors are Gx = 2pi/a = 1.00Å−1,
Gy = 2pi/b = 1.80Å−1, and it is straightforward to find
that Rx/(Gx/2) = 0.82, Ry/(Gy/2) = 0.16, indicating that
the band-inversion ring reaches close to the Brillouin-zone
boundary in the x direction, while stays close to the zone cen-
ter in the y direction.
In the presence of pairing, the Hamiltonian becomes
H(k) = [m0 + tx cos(kxa) + ty cos(kyb)]σzτz + Ax sin(kxa)σyτz
+Ay sin(kyb)sxσx + ∆(k)syτy, (51)
where ∆(k) = ∆0 + ∆x cos(kxa) + ∆y cos(kyb). The only dif-
ference between this Hamiltonian and the one in Eq.(1) of the
main text is in the basis choices.
In high-temperature cuprate superconductor, the reduced
gap 2∆/kBT can be much larger than the expected BCS value
4.3 for d-wave pairing[125], indicating that the pairing ampli-
tude can be quite large. e.g., it was found that ∆ can be as high
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FIG. 5. When the pairing nodal ring does not cross the band-inversion ring, the Majorana Kramers pair is found to be absent. The parameters
are m0 = 1.0, tx = Ax = 0.4, ty = Ay = 1.3, ∆0 = 0.4, ∆1 = −0.4, µ = 0, Lx = Ly = 30.
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FIG. 6. (a) The thick red line is the nodal ring of the s±-wave pairing, and the thin blue line is the band-inversion ring. (b) The wavefunction
profile of the Majorana Kramers pairs in a Lx×Ly = 30×30 square sample. The inset shows energies close to zero ( in units of eV). m0 = −2.49
eV, tx = 0.18 eV, ty = 2.64 eV, Ax = 0.41 eV, Ay = 0.2 eV, ∆0 = ∆1 = 0.1 eV. The chemical potential is taken to be zero.
as 60 meV in superconductor Bi2Sr2Ca2Cu3O10+δ (Tc = 109
K)[126]. In high-temperature iron-based superconductor, the
pairing amplitude can also be higher than 10meV, e.g., ∆ = 15
meV in superconductor Ba1−xKxFe2As2 (Tc = 37 K)[127].
In Fig.6, we use the model parameters of WTe2 extracted
from the k · p model, and take the s±-wave pairing with an
amplitude ∼ 100 meV (which has been exaggerated, yet the
result is qualitatively unchanged; similarly, the value of Ay has
also been increased from 0.09 eV to 0.2 eV). Fig.6 demon-
strates that Majorana Kramers pairs are created at the corners
when the pairing nodal ring crosses the band-inversion ring.
V. REALIZING SINGLE MAJORANA ZERO MODE AT THE
CORNER
To realize a single Majorana zero mode instead of a Ma-
jorana Kramers pair per corner, time-reversal symmetry must
be broken. We find that it can be achieved by adding an ap-
propriate in-plane magnetic field in either the d-wave or the
s±-wave case, provided that the system is anisotropic. For
concreteness, suppose that the magnetic field is added in the
x direction, then it introduces a Zeeman energy Vxsxτz. The
low-energy effective theory becomes
Hedge = −iA(l)sz∂l + M(l)syτy + Vxsxτz. (52)
Now we can split this 4 × 4 Hamiltonian into two decoupled
blocks. In fact, in the two-dimensional τx = ±sz subspace, we
have Vxsxτz = −iVxsxτxτy = ∓iVxsx szτy = ∓Vxsyτy, there-
fore, the two decoupled blocks have Dirac mass M(l)−Vx and
M(l) + Vx, respectively, and single MZM appears when one
of them has a sign changing, while the other does not. This is
satisfied, for example, when |∆dm/ty| < Vx < |∆dm/tx| for the
d-wave case.
VI. STABILITY OF THE MAJORANA CORNER MODES
AGAINST DISORDERS
In this section, we investigate the stability of the Majorana
Kramers pairs against random disorders. For concreteness, we
consider random on-site potentials. The real-space Hamilto-
nian reads
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FIG. 7. Upper panels: Profiles of Gaussian random potential with different disorder strengthes (a) D0 = 0.2, (b) D0 = 0.4, (c) D0 = 0.6, (d)
D0 = 0.8. Other parameters are m0 = 1.5, tx = ty = 1.0, Ax = Ay = 1.0, ∆0 = 0, ∆x = −∆y = 0.5, and µ = 0. Lower panels: (e)(f)(g)(h) shows
the energies and density profiles of the Majorana corner modes of (a)(b)(c)(d), respectively. The zero-energy corner modes are robust against
the disorders.
H =
∑
i, j,α,α′,β,β′
m0c
†
i, j;αβ(σz)αα′ (s0)ββ′ci, j;α′β′ − {
tx
2
c
†
i, j;αβ(σz)αα′ (s0)ββ′ci+1, j;α′β′ +
ty
2
c
†
i, j;αβ(σz)αα′ (s0)ββ′ci, j+1;α′β′ + h.c.}
−{i Ax
2
c
†
i, j;αβ(σx)αα′ (sz)ββ′ci+1, j;α′β′ + i
Ay
2
c
†
i, j;αβ(σy)αα′ (s0)ββ′ci, j+1;α′β′ + h.c.} − µc†i, j;αβ(σ0)αα′ (s0)ββ′ci, j;α′β′
−{i∆0
2
c
†
i, j;αβ(σ0)αα′ (sy)ββ′c
†
i, j;α′β′ + i
∆x
2
c
†
i, j;αβ(σ0)αα′ (sy)ββ′c
†
i+1, j;α′β′ + i
∆y
2
c
†
i, j;αβ(σ0)αα′ (sy)ββ′c
†
i, j+1;α′β′ + h.c.}
+Vi jc
†
i, j;αβ(σ0)αα′ (s0)ββ′ci, j;α′β′ (53)
where sx,y,z and σx,y,z are Pauli matrices acting on spin and or-
bital degree of freedom, respectively, s0 and σ0 are the 2 × 2
unit matrix. The last term represents the random on-site po-
tential, which is taken to obey a Gaussian distribution, namely
〈Vi j〉 = 0, 〈Vi jVnm〉 = D20δinδ jm with D0 characterizing the
strength of the randomness.
Fig.7 shows several profiles of Gaussian disorders and the
spectra close to zero energy. It is apparent that the Majorana
Kramers pairs are robust against disorders for a quite broad
range of disorder strength.
VII. EFFECTS OF EDGE IMPERFECTIONS
In real experiments, the edges are usually not atomically
precise, and the edge orientations can vary in space. It is use-
ful to study the stability of Majorana Kramers pairs in the
presence of these imperfections. Thanks to the protection
of particle-hole symmetry, a Majorana Kramers pair of zero
modes remains robust in the presence of small or modest im-
perfections, because shifting the energy of a spatially isolated
Majorana Kramers pair away from zero is inconsistent with
the inherent particle-hole symmetry of BdG equation.
As a representative example of edge imperfections, we cal-
culate the energies and eigenstates on a non-ideal square lat-
tice with a small square removed at a corner (see Fig.8). In
Fig.8(b), additional in-gapmodes are created with energies far
away from zero. Such nonzero-energymodes do not affect de-
tection of the original Majorana Kramers pairs, which remain
at zero energy. When the size of the removed square is in-
creased [Fig.8(c)], the energies of in-gap modes are lowered,
and finally, their energies come to zero, namely, additional
Majorana Kramers pairs are created [Fig.8(d)(e)]. From this
example, we can see that lattice imperfections generally do
not destroy the Majorana Kramers pairs; instead, they provide
more opportunity to detect them: The imperfections provide
additional corners built in the samples, hosting additional Ma-
jorana Kramers pairs.
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FIG. 8. Majorana Kramers pairs in a non-ideal square lattice with a small square removed at a corner. When the size of removed square
is small [panel (b)], the original zero modes remain robust, though the mode profiles are modified. No additional zero modes are created.
When the size of removed square is large, it creates additional zero modes [panels (d)(e)]. tx = ty = 1, m0 = 1.2, Ax = Ay = 1, ∆0 = 0,
∆x = −∆y = 0.5, µ = 0. Shown in each sample is the local density states at E = 0 (The Dirac delta function is replaced by a Lorentzian
function with a small width 0.03).
VIII. EFFECTS OF CHEMICAL POTENTIAL
In this section, we provide more details about the effects of
a nonzero chemical potential. We will see that including the
chemical potential does not change the physics qualitatively
compared to the case of vanishing chemical potential.
First, we study the effect of chemical in the low-energy ef-
fective edge theory. At the edge I, nonzero µ simply generates
the following term in the effective edge Hamiltonian:
(∆H)αβ = −
∫ +∞
0
dxψ∗α(x)µτzψβ(x) = −µ(τz)αβ. (54)
Now the edge effective Hamiltonian reads
Hedge = −iA(l)sz∂l − µτz + M(l)syτy. (55)
This Hamiltonian can be decomposed as the sum of two inde-
pendent 2 × 2 Hamiltonians
Hedge,− = −iA(l)sz∂l − µsz − M(l)sx,
Hedge,+ = −iA(l)sz∂l + µsz + M(l)sx, (56)
where Hedge,− acts in the τz = sz subspace spanned by {|sz =
1, τz = 1〉, |sz = −1, τz = −1〉}, and Hedge,+ acts in the τz = −sz
subspace spanned by {|sz = 1, τz = −1〉, |sz = −1, τz = 1〉}.
Now the zero modes can be found as
|ψ±(l)〉 ∝ e−
∫ l
dl′[M(l′)∓iµ]/A(l′). (57)
Here, µ only adds trivial phase factors to the wavefunctions
without modifying their profiles. It indicates that a small or
modest µ (to which the low-energy theory is applicable) does
not qualitatively change the physics.
Now we go beyond the low-energy continuumHamiltonian
to the lattice Hamiltonian. As we increase the chemical poten-
tial µ away from 0, there are two possible scenarios that can
kill the Majorana Kramers pairs: (i) The bulk gap closes; (ii)
the edge gap closes. First, let us consider the first scenario.
The BdG Hamiltonian of the bulk is
H(k) =M(k)σzτz + Ax sin kxσxsz + Ay sin kyσyτz
+∆(k)syτy − µτz, (58)
whose energy spectra are
E(k) = ±
√
(
√
M2(k) + A2x sin
2 kx + A2y sin
2 ky ± µ)2 + ∆2(k).
Without the pairing, the gap closing condition is√
M2(k) + A2x sin
2 kx + A2y sin
2 ky = |µ|, which determines the
bulk Fermi surface of the doped TI. Without losing generality,
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FIG. 9. (a) A cross section of the 3D phase diagram in Fig.4(d) of the main text. The cross section corresponds to ∆0 = ∆1. In the shadow
region the Majorana corner modes are found to exist. (b)(c)(d) show the energy spectrum when the parameters change along the path α, β, γ
shown in (a), respectively. The system size is (b) Lx × Ly = 80 × 20, (c) Lx × Ly = 20 × 90, (d) Lx × Ly = 40 × 40. Common parameters are
tx = Ax = 0.4, ty = Ay = 1.3, ∆0 = ∆1 = 0.4.
we only focus on the µ > 0 case. The Fermi surface appears
when µ > min{
√
M2(k) + A2x sin
2 kx + A2y sin
2 ky}. When the
Fermi surface determined by√
M2(k) + A2x sin
2 kx + A2y sin
2 ky = µ (59)
and the pairing nodal ring determined by ∆(k) = 0 cross each
other, the energy gap closes. For the pairing we considered in
the main text, ∆(k) = ∆0 − ∆1(cos kx + cos ky) with 0 < ∆0 <
2∆1, we find the gapless region is
µ1 < µ < µ2, (60)
where µ1 = min{
√
(m0 − tx (∆0−∆1)∆1 − ty)2 + A2x(1 −
(∆0−∆1)2
∆21
),√
(m0 − tx − ty (∆0−∆1)∆1 )2 + A2y(1 −
(∆0−∆1)2
∆21
)}, and
µ2 = max{
√
(m0 − tx (∆0−∆1)∆1 − ty)2 + A2x(1 −
(∆0−∆1)2
∆21
),√
(m0 − tx − ty (∆0−∆1)∆1 )2 + A2y(1 −
(∆0−∆1)2
∆21
)}.
The scenario (ii) mentioned above, namely closing the edge
gap to kill the Majorana Kramers pairs, is not as convenient to
quantify. The reason is that the edge states of TI do not exist as
a 1D system by itself, and the edge cannot be separately stud-
ied beyond the low-energy theory. Nevertheless, we can nu-
merically find the critical chemical potential µc above which
theMajorana Kramers pairs disappear. When the Cooper pair-
ing is small, we find that µc < µ1 in general, which indicates
that the gap closing appear at the edge, i.e., the scenario (ii).
A 3D phase diagram with varied (m0,∆0/∆1, µ) is numeri-
cally calculated and shown in Fig.4(d) in the main article. In
this supplemental material, let us focus on the the ∆0/∆1 = 1
cross section of this 3D phase diagram, which is shown in
Fig.9(a). For the chosen parameters, the paring nodal ring and
the band-inversion ring cross each other when 0.4 < m0 < 1.3.
From Fig.9(b)(c), it is clear that zero modes are indeed found
when 0.4 . m0 . 1.3, in accordance with the criterion Eq.(19)
of the main article. Along the path γ, Majorana corner mdoes
exist for µ . 0.38 (Fig.9(d)). Note that the bulk gap closes
at µ1 =
√
(m0 − 1.3)2 + 0.42 = 0.5, therefore, the disappear-
ance of Majorana corner modes is due to the gap closing at the
edges.
